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Outline

Sparse Bayesian learning 

Joint-sparse recovery, guarantees, extns. 

Application to wireless communications  

Role of sparsity in linear dynamical systems 

Bayesian inference via deep unfolding



Part 1: Sparse Bayesian 
Learning

Use a continuum of priors and pick the best one!



Sparse Signal Recovery

Goal: Recover sparse x from y 

Challenge: m < N, usually m << N
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Sparse Bayesian Learning

Gaussian noise: 

Parameterized Gaussian prior:
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The EM-SBL Algorithm

1. Initialize Γ = I  

2. Compute 

3. Update 

4. Repeat steps 2 and 3  

5. Output μ after convergence 
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Generate random  
50 x 100 matrix A  

Generate sparse 
vector x0 

Compute y = Ax0 

Solve for x0, average 
over 1000 trials 

Repeat for different 
sparsity values

Empirical Example

Highly scaled nonzero entries



Observation model 

Let k = number of nonzero rows in X. 

Want to recover X or support(X) from the Multiple 
Measurement Vectors (MMVs) Y

Joint Sparse Recovery
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Support Recovery is 
also Important

Wideband spectrum sensing Sparse event localization

Subspace filtering 

by projecting to 

common signal subspace



MSBL-Sparse Bayesian 
Learning using MMVs

Observation model:   

Correlation-aware prior:  
Common    enforces same support in columns of X. 
Gaussian MMVs:  

M-SBL algorithm: 

Non-convex objective 
Solved via Expectation Maximization (EM) 
Estimated support = support(  ).



The EM-MSBL Algo

E Step: 

M Step: 

Average of the individual estimates 
of γi across measurements
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Performance of MSBL

Recoverable support size k grows as ! 
Using correlation-structure aware priors is helpful

O(m2)

Sparse Bayesian Learning 

(M-SBL)

Simultaneous Orthogonal Matching Pursuit 

(SOMP)


Support recovery phase transition n=200, 

L=400, 

SNR=20 dB




Part 2: Performance 
Guarantees

Sufficient conditions for support recovery by M-SBL



Sufficient Conditions for 
Support Recovery in SBL

Single measurement vector (L = 1) 
Noiseless observations 
Result: SBL correctly recovers the 
support for all 1 ≤ k < spark(  ) - 1 

spark: smallest num. of lin. dep. cols 
Usually, in CS, spark(  ) = m + 1 

For l1 recovery, 1 ≤ k ≤ O(m / log N)
�

�

[Chen and Huo, 06]



First Support Recovery 
Guarantee for M-SBL

Common sensing matrix 
M-SBL recovers the true support with 
vanishing probability of error, provided 

Or
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Second Support Recovery 
Guarantee for M-SBL

Sensing matrix  
For                                 , the 
sample complexity for successful 
support recovery is 

In fact, this bound can be  
achieved using a very  
SIMPLE algorithm!
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Simple Algorithm

Observations 
Compute the diagonal entries of the 
“pseudo” covariance matrix 

Declare the indices corresp. top k 
diagonal entries as the support!
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Part 3: New Algorithms

Covariance matching is the key!



New Interpretation of 
M-SBL Cost Function

M-SBL cost: 

Motivates covariance matching based 
approaches to sparse recovery
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Correlation-aware 
Gaussian prior  

      

Covariance Matching 
Framework

Observation 
Model:  

     
 Principle: 

Support estimate = Support(  )

Empirical covariance matrix

Parametrized covariance matrix



Algorithms

Approach 1 
Distance = Frobenius norm 
Algorithm = CoLASSO [Pal, Vaidyanathan, 15] 

Approach 2 
Distance = Log-Det Bregman Divergence 
Algorithm = M-SBL [Wipf & Rao, 07] 

Approach 3 
Distance = Rényi Divergence 
Algorithm = Rényi Divergence based Covariance 
Matching Pursuit (RD-CMP) [Khanna & M., 17]

α−



Performance

RD-CMP is a fast covariance matching 
based MMV solver! [Khanna & M., 17]

SNR = 10 dB; k = 50 log n 
m = 0.75 k, mL = 50 k log n

SNR = 10 dB; n = 200; L = 200



Dictionary Learning

Matrix factorization problem:

=

Y
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SBL framework for DL

Type-II ML: solve 

EM procedure: 
E-step: update statistics of X, as before 
M-step: separable in variables 

Closed-form update for  
Non-convex in   
Alternating minimization (AM): 
update one column of    at a time   

�,�
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Image Denoising 
Example

7

(a) Original image (b) Corrupted image, PSNR = 20 dB (c) DL-SBL, PSNR = 28.96 dB,
run time = 105.7 s

(d) SimCO, PSNR = 28.64 dB,
run time = 58.7 s

(e) DL-MM, PSNR = 28.54 dB,
run time = 98.7 s

(f) KSVD, PSNR = 28.34 dB,
run time = 76.7 s

(g) SGK, PSNR = 27.44 dB,
run time = 82.5 s

(h) PAU, PSNR = 27.44 dB,
run time = 84.5 s

(i) MOD, PSNR = 27.42 dB,
run time = 79.2 s

Figure 4. An example of image denoising using different dictionary learning algorithms with K = 1000, m = 64, and N = 256. We see that all algorithms
improve the visual quality of the noisy image.

A. Convergence

To study the convergence properties of the AM procedure,
we take size of training data set as K = 1000. We look at
the first iteration (r = 1) of the EM algorithm because that
requires the maximum number of inner iterations to converge,
and thus illustrates the convergence behavior well. From our
experiments, we observe that other values of r give a similar
convergence behavior.

Figure 1 and Figure 2 show the `2 squared norm of the
difference between the iterates and the limit point, given by
kA(1,u) �A(1)k2, of the AM and ALS procedures under dif-

ferent settings. We set � = 0.1 for Figure 1 and � = ↵ = 0.1
for Figure 2. In both figures, the curves labeled Diff and Fit
correspond to the curves obtained via numerical experiments
and by fitting the function f(x) = exp(au+ b) on the values,
respectively, where a < 0 and b are parameters of the curve.
The values of the parameters averaged over 100 experiments
are listed in Table I and Table II. Our observations are as
follows:

• Rate of convergence: From Figure 1 and Figure 2 we see
that the curve is well approximated using an exponential
function for moderate values of iteration number. Further,
the tail of the curve exhibits a faster-than-exponential de-

512 x 512 image “Barbara” 

Goal: remove AWGN 

Learn dictionary using 1000 
8 x 8 blocks, randomly chosen 

N = 256 

Learn dictionary 

Reconstruct image using OMP

[G. Joseph and M., TSP 2020]



DL-SBL Guarantees

Cost function converges, iterates 
converge to stationary points 

Global minimum of the DL-SBL cost 
function occurs at the desired soln., 
sparse local minima 

FIRST convergence guarantee for DL 
algorithms!

[Joseph & M., TSP 2020]



Part 4: From Compressed 
Sensing to Control Theory

Linear dynamical systems



Applications

Sparse initial state

Di↵usion processes Epidemic spreading Fake news spreading

Sparse control

Networked control system Wireless channel Network opinion manipulation



Sparsity and Linear 
Dynamical Systems

System Model:  
                  

Goal: observe, control, stabilize linear dynamical 
systems under sparsity constraints 

Some examples: 
With known inputs: recover sparse initial 
state from observations 
With unknown sparse inputs: recover state 
and inputs from observations 
Design sparse inputs to reach a desired state

xk = Axk−1 + Buk
yk = C(k)xk + wk



Sparse Initial State: 
Observability

Recovery problem: 

Recoverability depends on RIC of the 
“effective” measurement matrix 
Sufficient number of measurements: 

Independent, iid  
Single  with iid entries: 

 
Matrix  “well conditioned”

C(k) : Km ∼ s log(N/s)
C(k)

Km ∼ s log2 s log2 N
A

<latexit sha1_base64="kD2Bbxb96xP2hHZxv2yXmNwY+Xs="></latexit>2

6664

y0

y1
...

yK�1

3

7775
=

2

6664

C(0)

C(1)A
...

C(K�1)A
K�1

3

7775
x0

[Joseph & M., SPL 2018, TSP 2019]



Sparse Controllability

Problem: find sparse  s.t.  

Necessary and sufficient conditions for 
s-sparse controllability: 

For all , Rank{ } = N 
 

No more than N sparse inputs needed to 
steer the system to a desired state

uk

λ ∈ ℂ [A − λI B]
s ≥ N − Rank(A)

<latexit sha1_base64="RgVDpjHQFdV/8wLTfk9uDW/agx4="></latexit>

xfinal �AKBxinit = [(AK�1B) (AK�2B) . . . (B)]

2

6664

u1

u2
...

uK

3

7775

[Joseph & M., TAC 2021]



Design of Sparse 
Control Inputs

Time-varying support: 
Piecewise OMP 
Piecewise inverse scale-space algo 

Fixed support: Reformulate as a block-
sparse recovery problem. Many options! 

Block OMP 
Group LASSO 
Block SBL, …



Joint Recovery of State 
and Sparse Inputs

Problem: recover  
from , with 

Approaches: Regularizer-based; Bayesian

{xk, uk : ∥uk∥0 ≪ n}K
k=1

{yk}K
k=1

<latexit sha1_base64="AhXxwqp00u94M4sSoO6Mj7AChp4="></latexit>

xk+1 = Akxk +Bkuk +wk

yk = Ckxk +Dkuk + vkR. K. CHAKRABORTY et al.: STATE-INPUT ESTIMATION FOR LINEAR DYNAMICAL SYSTEMS WITH SPARSE CONTROL 9

0 50 100 150 200
Measurement dimension (p)

10-5

10-4

10-3

10-2

10-1

100

St
at

e 
N

M
SE

RKS
l1-RKS
l2-RKS
RKS-SBL

(a) NMSE in state estimation

0 50 100 150 200
Measurement dimension (p)

10-2

10-1

100

In
pu

t N
M

SE

RKS
l1-RKS
l2-RKS
RKS-SBL

(b) NMSE in input estimation

0 50 100 150 200
Measurement dimension (p)

10-1

100

FS
R

R

RKS
l2-RKS
l1-RKS
RKS-SBL

(c) Percentage of false support recovery

Fig. 1: Performance comparison of our sparse recovery algorithms and RKS as a function of measurement dimension p when the support
of control inputs are time-varying support with n = 30, m = 100, K = 30, s = 5, and SNR is 20 dB
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Fig. 2: Performance comparison of our sparse recovery algorithms and RKS as a function of measurement dimension p when the control
inputs are jointly sparse with n = 30, m = 100, K = 30, s = 5, and SNR is 20 dB
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(b) Time tracking of input

Fig. 3: Time domain tracking performance comparison of RKS-SBL and RKS with n = 30, m = 100, p = 20, K = 30, s = 5, and SNR
is 20 dB

In summary, we prefer RKS-SBL over the regularized RKS
algorithms and RKS-VB due to its low complexity, hand-tuning-
free approach, and superior recovery accuracy (see Sec. VII for the
empirical results).

VII. SIMULATION RESULTS

In this section, we present the empirical results that demonstrate
the superior performance of the algorithms that exploit sparsity. Our
setting is as follows. We choose the state dimension n = 30, the
input dimension m = 100, the output dimension p = 20, and the

number of time steps K = 30. The sparsity level of the input is
s = 5, and the locations of s nonzero entries are chosen uniformly at
random from {1, 2, . . . ,m}. Further, the nonzero entries are drawn
independently from a normal distribution N (0,�2

u) with �u = 5. For
the time-varying support case, we choose different support for each
time instant k, and for the jointly sparse case, we use the same support
for all values of k. The entires of system matrices, A, B, C, and D,
and the initial state x1 are independently drawn from the standard
normal distribution. Also, the process noise covariance Q and the
measurement noise covariance R are chosen to be identity matrix

RKS: Robust 

Kalman smoothing 

(classical approach)



Open Issues

Handling energy + sparsity constraints in 
the control of LDS 
Better algorithms for  

state recovery under sparsity constraints 
designing sparse inputs 
system identification, e.g., using active 
learning 

Theoretical guarantees 
NEW APPLICATIONS!



Part 5: Deep Unfolding

Learn any underlying structure, without hand-crafting priors, 
cost functions, or developing new algorithms!



Other Sparse Structures

Any additional structure, when present, is 
important to model & exploit 

Group sparsity 

Piecewise sparsity 

Inclusion-exclusion 

Varying sparsity pattern

y xФ v

noise

x1
x2

xg

N (0,�2IM )
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Fig. 14: MMV model with arbitrary source pattern
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Fig. 15: Failure Rate (source vectors with arbitrary patterns)

plemented using a matrix multiplication given by
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(24)

In numerical simulations, we used a single layer dense network
for the estimation of hyperparameters {αi}Ni=1. A single layer
dense network learns a weight matrix W and a bias vector
b from the training data. The weight matrices learned by the
L-SBL network are not the same as (24). The weight matrices
implemented in two different L-SBL layers for the recovery
of a sparse vector from a single measurement vector are
shown in Figure 17, which indicates that different functions are
implemented in different layers of the L-SBL network. Recall
that the nonzero elements of the sparse vectors are drawn from
uniform distribution which is different from the hierarchical
Gaussian prior assumed by SBL. Such deviation from the
assumed signal model may lead to the improved performance
of L-SBL network over SBL. The weight matrices learned for
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Fig. 16: RMSE (source vectors with arbitrary patterns)
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Fig. 17: L-SBL weight matrices for sparse recovery (SMV)

the recovery of block sparse vectors are also different from the
weight matrices in single sparse vector recovery problem. The
weight matrices of two L-SBL layers in the block sparse signal
recovery problem are shown in Figure 18. The learned weight
matrices introduce a coupling between the adjacent elements
of the sparse vector x. Moreover, the functions implemented
in different layers of L-SBL are not the same. The weight
matrices of L-SBL during the testing with MMV model are
shown in Figure 19, which illustrate that L-SBL exploits the
joint sparsity among multiple source vectors in the estimation
of hyperparameters. Finally, the weight matrices implemented
during the training of samples with arbitrary patterns among
source vectors are shown in Figure 19. In this case, the off-
diagonal elements of the second half of the weight matrix are
also nonzero. This indicates that L-SBL utilizes the patterns
of the nonzero elements among source vectors to improve
the recovery performance. Note that, in (24), to estimate the
hyperparameters {αi}N1=1, the diagonal elements of the error
covariance matrix and the sparse vector estimate from previous
iteration are combined using equal weights. However, in the
learned weight matrix, L-SBL network gives more importance
to the sparse vector estimate from the previous layer for the
estimation of hyperparameters.



Unfolded SBL

Can unfold the SBL iterations  
E-step: computes the posterior; custom layer 
M-step: updates hyperparams; dense network

JOURNAL OF XXXX , VOL.XXX, NO.XX, XXX XXX 7

recovery algorithm. The relative mean square error is given by

RMSE =
1

P

P∑

p=1

||xp − x̂p||22
||xp||22

. (21)

The probability of success in the support recovery of the pth

measurement vector is computed as

Pp =
|Ŝp ∩ Sp|

||xp||0
, (22)

where Sp and Ŝp denote the support of x̂p and xp, respectively,
and | · | represents the cardinality of the set. The support
recovery failure rate is computed as

Fr =
1

P

P
∑

k=1

{Pp !=1} (23)

where {} denotes the indicator function.

A. Sparse Signal Recovery

In the first experiment, we demonstrate the performance
of L-SBL network in the recovery of sparse vectors from
an under-determined set of measurements. We consider a
measurement matrix A with dimensions M = 30 and N = 50.
The elements of the measurement matrix A is drawn from
Gaussian distribution with zero mean and unit variance. The
maximum number of nonzero elements in the sparse vector
x is restricted to 15. In the testing as well as training data,
the number of nonzero elements are drawn uniformly between
0 and 15, ‖x‖0 ≤ 15. Amplitude of the nonzero elements is
chosen from [.75, 1]∪[−.75,−1] with uniform probability. We
consider Orthogonal Matching Pursuit (OMP), Basis Pursuit
(BP), CoSamp, LISTA, sparse Bayesian learning (SBL) and
L-SBL with eight layers in the comparison. Training of the L-
SBL algorithm is carried out using synthetically generated data
set according to the Algorithm 1. The DNN is trained using
106 measurement vectors generated according to yi = Axi.
After completing the training of the DNN, algorithms are
compared using a testing data set. we consider a set of
P = 2000 measurement vectors during the testing phase to
evaluate the performance at each value of the sparsity level.
The level is varied between 1 and 15. The comparison of
the failure rate and relative mean square error of different
algorithms is shown in Figures 4 and 5. The plots show that
L-SBL and SBL outperform the other algorithms. The relative
mean square error and failure rate of the L-SBL with eight
layer is less than the 100 iterations of the SBL algorithm,
indicating the computational advantage of using the DNN
based approach.

B. Block Sparse Signal Recovery

To evaluate block sparse signal recovery performance of L-
SBL, we consider the same simulation parameters as in [18].
The measurement matrix A has dimensions M = 40 and N =
100. Let J be the number of blocks in the sparse vector. The
procedure to determine the block sizes {Bj}Jj=1 and block
boundaries is described below.
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Fig. 4: Comparison of Failure Rate (Sparse Signal Recovery)
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Fig. 5: Comparison of RMSE (Sparse Signal Recovery)

Let K be the number of non-zero elements in a sparse
vector. We generate J positive random numbers, {rj}Jj=1 such

that
∑J

i=1 rj = 1. The block size Bj of the j th block from
j = 1 to j = J − 1 is chosen as &Krj' and the block size BJ

of the last block is fixed as K−
∑J−1

j=1 Bj . The locations of the
non-zero blocks are also chosen randomly. First we consider J
partitions of the vector x. The size of each partition is chosen
as &Nrj'. Then, the j th nonzero block with size &Krj' is
placed in j th partition of the vector x with a randomly chosen
starting location. In the experiment, the maximum number of
blocks, J is fixed as 3. The number of nonzero elements in
the sparse vector is varied from 21 to 33. The amplitudes
of the nonzero elements are chosen from [.75, 1]∪ [−.75,−1]
with uniform probability. We compare EB-SBL, PC-SBL with
15 iterations, PC-SBL with 100 iterations and L-SBL with
eight layers. The computational complexity of L-SBL is less
than that of PC-SBL with 15 iterations. The relative mean
square error is plotted as a function of the cardinality of
the true solution in Figure 6, and Figure 7 shows the failure
rate of different algorithms. The plots illustrate the superior
performance of the L-SBL over other algorithms like PC-SBL
and EB-SBL.

Sparse recovery performance
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plemented using a matrix multiplication given by






1
α1

...
1

αN




 =

[

IN IN
]













[Φt−1]1,1
[Φt−1]2,2

...

(xt−1
1 )2

...

(xt−1
N )2













(24)

In numerical simulations, we used a single layer dense network
for the estimation of hyperparameters {αi}Ni=1. A single layer
dense network learns a weight matrix W and a bias vector
b from the training data. The weight matrices learned by the
L-SBL network are not the same as (24). The weight matrices
implemented in two different L-SBL layers for the recovery
of a sparse vector from a single measurement vector are
shown in Figure 17, which indicates that different functions are
implemented in different layers of the L-SBL network. Recall
that the nonzero elements of the sparse vectors are drawn from
uniform distribution which is different from the hierarchical
Gaussian prior assumed by SBL. Such deviation from the
assumed signal model may lead to the improved performance
of L-SBL network over SBL. The weight matrices learned for
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Fig. 17: L-SBL weight matrices for sparse recovery (SMV)

the recovery of block sparse vectors are also different from the
weight matrices in single sparse vector recovery problem. The
weight matrices of two L-SBL layers in the block sparse signal
recovery problem are shown in Figure 18. The learned weight
matrices introduce a coupling between the adjacent elements
of the sparse vector x. Moreover, the functions implemented
in different layers of L-SBL are not the same. The weight
matrices of L-SBL during the testing with MMV model are
shown in Figure 19, which illustrate that L-SBL exploits the
joint sparsity among multiple source vectors in the estimation
of hyperparameters. Finally, the weight matrices implemented
during the training of samples with arbitrary patterns among
source vectors are shown in Figure 19. In this case, the off-
diagonal elements of the second half of the weight matrix are
also nonzero. This indicates that L-SBL utilizes the patterns
of the nonzero elements among source vectors to improve
the recovery performance. Note that, in (24), to estimate the
hyperparameters {αi}N1=1, the diagonal elements of the error
covariance matrix and the sparse vector estimate from previous
iteration are combined using equal weights. However, in the
learned weight matrix, L-SBL network gives more importance
to the sparse vector estimate from the previous layer for the
estimation of hyperparameters.

Time-varying support (arbitrary pattern)
[R. J. Peter and M., ArXiv 2019]



Summary

Sparsity-aware Bayesian inference: 

Superior guarantees translating to excellent 
performance 

Ultra-fast algorithms and simple updates 

Versatile framework 

Many opportunities to innovate! 

Reference: G. Joseph, S. Khanna, C. R. Murthy, R. Prasad, 
S. S. Thoota, “Sparsity-aware Bayesian inference and its 
applications,” Handbook of Statistics, Elsevier, 2022.
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