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Part 1: Spocrse Bajesiav\
Learning
e

Use a continuum of priors and pick the best one!
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& Goal: Recover sparse x from y

& Challenge: m < N, usually m <«< N



Spars@. Bajesian Learining
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& Paramelerized Craussian pri,o-r:
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The EM-SBL Algorithm
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1. Iniklalize T =2 I

2. COMF’M&E

i
S (U%Tcp i (F(t)) )

p=oc220ly

— 1t

3. UPd&&Q F(H_l) — dlag (,u,? = Em)
4. ereo& sEeps 2 and 3

5. QOubput U after convergence

Compute posterior
distribution

Update hyperparameters y;
via type-II ML



EmFirwaL Examyte

CGrenerate random
£0 x 100 mwakrix A

Grenerate sparse
vector x,

Compu&e Yy = Ax,g

Solve for x,, average
over 1000 Ebrials

Repeat for different
sparsity values
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Let k = number of nownzero rows in X,

Want to recover X or support(X) from the Multiple
Measuremenk Vectors (MMVs) ¥



Su,pporf: Recovery is
also lmpor&av\

Wideband spectrum sensing Sparse event localization
| |

1
Magnitude
Spectrum

Subspace filtering
, S by projecting to
S ..ol e oi - common signal subspace




MSBL-Sparse Bayesiah
Learning using MMVs
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& Observakion model: Y=3X+W

— % 4 .i.d. :

& Correlation-aware prior: % ~ N(0,T), T = diag(7)
& CommonT enforces same support in columns of X,
& Goaussian MMVs:

yj ~ N(0,0°l + TP ")

& M-SBL algorithm: 4 = argmax logp(Y;~)
Y€ER?
& Noh-cohvex objective
& Solved via Expectation Maximization (EM)
& Eskimaked su,pporE = su.ppor&(’? O



The EM-MSBL Algo
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& E Step:
o7 (O ro;TheT) &
lu;c—l—l -_221?+1(I)T

s M SE@.F
k—l—l Zluk—l—l Zk+1(l Z)

® Average c.wf the individual estimates
of vi across measurements



Performance of MSBL
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® Recoverable support size k grows as O(m?)"
8 Using correlation-structure aware priors is helpful



Part 2: Performance
CGruarantees
o<

Sufficient conditions for support recovery by M-SBL



Sufficient Conditions for
'Su.ppc:rf: f?;ec:overv i SBL
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& Single measurement vector (L = 1)

Noiseless observations

® Resulk: SBL correctly recovers the
support for all 1 € k < spark(®) - 1
® spark: smallest num, of Lin. dep. cols
& Usually, in CS, spark(®) = m + 1

& fFor L1 recovery, 1 £ k€ 0(m / log N)

&

[Chen and Huo, 06]



F~irst Sup ort Recovery
Guarantee for M-SBL
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& Common sensing makrix & “&* N(0,1/m)
& M-SBL recovers the true support with
vanishing probability of error, provided

N
m = O(klog N) and L = ) (klogN—l—Nlogk—l—NloglogN)

~—log N + NVklo

i O(Vklog N) an

=)

—

S. Khanna and M., T-IT Nov. 2022



Second Support Recovery
Guarantee for M-SBL

R N

& Sensing makrix @; "X N(0,1/m),i=1,2,...,L
& For (loghk)’<m<k/2and1 <k<N-1, the
sample complexity for successful

suppor& recovery LS
k2
L=6 (W log k(N — k))
& In foct this bound can be
achieved using a very
SIMPLE algorithm!

L. Ramesh, M., and H. Tyagi, T-IT Dec. 2021

L

%logN

iL 9 k/m



SLmPi.@. Algorithm
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& Observationsy; = ®;x;, +w;,71=1,2,...

® Computle the diagonal entries of the
“pseucio” covariance makrix

& Declare the indices corresp. Ec::n[a b
diagonal entries as the support:

L



Part 3: New Algorithms
e

Covariance matching is the lz'ej!



New Im&&rpre&aﬁmm of
M-SBL Cost Function

& M-SBL cost:

15
—logp(Y;vy) = — Zlog/\/ (yj; oc) <I>F<I>T)
j=1

= el
x log |0°L,, + ®I'®" | + tr ((02Im +ore7) (EYYT)>

1
X D]Erigmin (ZYYT, e B <I>F<I>T) + const. terms

& Motivates covariance matching based
approaake.s ko sparse recovery



Covariance Matching

Froamewnorie
® Observation | Gormlalionsuare
Model:
x; ~ N (0, diag())
Y: ®x+w [ yjNN(OaU2Im+(I>F(I’T) |

& ‘Pr&n&ipi.e:

Parametrized covariance matrix

1
4 = arg min dist ((—YYTJEIQIm <I>I‘<I>7j)
vYERY L

Empirical covariance matrix

Support estimate = Su,ppor&(’?)



Algorithms
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2 Apprcach 1
& Distance = Frobenius norm
8 Algorithm = ColASSO [Pal, Vaidyanathan, 15]
& Approaﬁh R
8 Distance = Log-Det Bregman Divergence
® Algorithm = M-SBL [WLF:r{ % Rao, 07]
2 Approo\t‘h 3
® Distance = a—Rényi Divergence
& Algorithm = f{énji Divergence based Covariance
Matching Pursuit (RD-CMP) [Khanna & M, 17]
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based MMV solver! [Khanna & M., 17]
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'DLcEmnarv Learning
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& Matrix factorization problem:

Given To be estimated Noi

Y (& X )

HEE N
W]

HEE N
|
(T TT AT T T T I




SBL framework for DL
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$ Type-1l ML: solve max log p(Y; A)

A={® T}

& EM Frocﬁdure:
® E-step: update statistics of X, as before
& M-step: sepambte i variables & T

S
S
S

Closed-form update for I'
Nown-convex in P

Alkernating minimization (AM):
update one column of P at a time



Image Denoising
Exampte
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& 512 x 512 image "Barbara”

& Goal: remove AWGN

(b) Corrupted image, PSNR = 20 dB (c)DL-S]ill;;ﬂnt:lizl()ngde, ‘ Lear‘n dicfionary using IOOO
8 x 8 blocks, randomly chosen

& N =256

@ Learn dictionary

(d) SimCO, PSNR = 28.64 dB, (e) DL-MM, PSNR = 28.54 dB, (f) KSVD, PSNR = 28.34 dB,
run time = 58.7 s run time = 98.7 s run time = 76.7 s

& Reconstruct image using OMP

[G. Joseph and M., TSP 2020]

(g) SGK, PSNR = 27.44 dB, (h) PAU, PSNR = 27.44 dB, (i) MOD, PSNR = 27.42 dB,
run time = 82.5 s run time = 84.5 s run time = 79.2 s



DL-SBL Gruarawnkees
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® Cost function converqes, iterates
converge to stationary points

& Global minimum of the DL-SBL cost
function occurs ok the desired soln,,
sparse local minima

® FIRST converqgence quarantee for DL
algorithms!
[Joseph & M., TSP 2020]



Part 4: From Compressed
Sensing to Control Theory
S

Linear djmamitat svsﬁems



Appticati.ov\s

Sparse initial state

Sparse control

T - [
s = Lgm

Networked control system

Sensor 1 I

Wireless channel

Network opinion manipulation



Sparsi?:v and Linear
va\amicat Svsﬁems
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® System Model: x;, = Ax;_; + By,

Yi = CpXi + Wy

8 Goal: observe, control, stabilize Linear dynamical
s'js&ems under sparsi&wj conskrainks
& Some examptes:

S

S

With known tnpuls: recover sparse initial
state from observations

With unknown sparse inpuls: recover state
and inputs from observations

Design sparse inputs to reach a desired state



Spm*se Initial State:
Observabii.i?:v

iy Co)
_ Y1 ChHA
& Recovery problem: = . X,
i G Al

® Recoverability depends on RIC of the
“effective” measurement makrix
& Sufficient number of measurements:
& Imde[mv\dam&, itd Cy 1 Km ~ slog(N/s)
& Single C) with iid entries:
Km ~ slog®slog® N

® Mabrix A “well conditioned”
[Joseph & M., SPL 2018, TSP 2019]



Sparse Camﬁrottabd&v
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& Problem: find sparse u, s.t. BN
Xfinal — A" Bxini = [(A®7'B) (A*7?B)...(B)] s

Ug

® Necessary and sufficient conditions ;for
s-sparse controllability:
® Forall 1€C, Ranki[A - B} =N
& s> N-—Rank(A)

& No wore than N sparse év\pu&s needed to

skeer bhe svsﬁem Fo a desired stake
[Joseph & M., TAC 2021]



Desigh of Sparse
Control .‘anu&s
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& Time*varvitmg suwor&:
& Pilecewise OMT
& Plecewise nverse s&od.e.*s[mce algo

8 Fixed support: Reformulate as a block-
sparse recovery prabtem‘. Many options!
& Bloclk OMT
& Grou.p LASSO
& Bloclk SBL, ...



Joint Recovery of State
and Sparse vapu&s
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® Approaches: Regularizer-based; Bayesian
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w ——RKS-SBL 5J>10_1 —Rks-sBL||  RKS: Robust
10° .
= E Kalman smoothing
e 5 :
5 10 g . (classical approach)
10
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(a) NMSE in state estimation (b) NMSE in input estimation



Opem Issues
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Handling enerqy + sparsity constraints in

the control of LDS

Bebter algorithms for

& state recovery under sparsity constraints

& designing sparse inputs

& system identification, e.g., using active
leariing

Theoretical quarantees

NEW APPLICATIONS!



Part §: Deep Unfolding
>

Learn any underlying structure, without hand-crafting priors,
cost functions, or developing new algorithms!



Other Sparse Skructures
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& Any additional structure, when present, is
important Ec:» model &; exploit

1- isxz +

Y1 Y2 y3

| &
‘R

l

& G‘rroup sparsz&v

l

l

l

8 Pilecewise stcrsc,&j

\
l

& Inclusion-exclusion

|

l

L[
l
l

& Varying sparsity patteri



Unfolded SBL
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& Con unfold the SBL iterations

S
2

E:--sEeF»: COMF‘M&ES the Fos&eﬁor; custom Lajer
M-step: upc{a&es hyperparams; dense network

——OMP
—v— Cosamp
—&—LISTA (1
——BP

—p— SBL (100 lterations)
——L-SBL (8 layers)

0 layers)

L )

10-1 L

——M-SBL (100 Iterations)

—v—SBL (100 lterations)

—A—| -SBL (NW-1) with 12 layers

—p—L-SBL (NW-2) with 12 layers
1 1

Sparse

5 10 15 3 4 5 6 7 8
Cardinality of the true solution Cardinality of True Solution

recovery performance Time-varying support (arbitrary pattern)
[R. J. Peter and M., ArXiv 2019]



Sum mary
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Sparsity-aware Bayesian inference:

® Superior quarantees translating to excellent
performance

& Ulkra—fast algorithms and simple updates

& Versatile framework
Man oppor&uhi&bes ko novake!

Reference: G, Joseph, S. Khanna, C. R. Murthy, R. Prasad,
S. 5. Thoota, “Sparsity-aware Bayesian inference and iks
applications,” Handbook of Statistics, Elsevier, 2022,
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